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Abstract. We construct classes of von Neumann algebra modules by consid- 
ering "column sums" of noncommutative spaces. Our abstract characteri- 
zation is based on an inner product, thereby generalizing Hilbert 
C*-modules and representations on Hilbert space. While the (single) repre- 
sentation theory is similar to the case, the concept of U' bimodule (p 7^ 2) 
turns out to be nearly trivial. 



0. Introduction 

Noncommutative spaces, by now, are standard objects in the theory of op- 
erator algebras. Starting with a von Neumann algebra A^, there are a variety 
of equivalent methods for producing the (quasi-)Banach space U'{M). If M is 
L°°{X,ii), the result is (isometric to) LP{X,fi), so this can rightfully be thought 
of as a generalization to noncommutative measure spaces. When A4 is semifinite, 
the presence of a trace offers great simplification, but in general one needs modular 
theory [H]. 

These spaces have many aspects worthy of investigation. As Banach spaces, their 
isometrics have been investigated by many authors [Ye], [W2]; others have used 
the matrix order [Sc] or operator space techniques [JNRX]. (For a more complete 
bibliography see [PX].) We focus here on the module structure. Indeed, the inclusion 
as left (or right) multipliers 

M ^ B{LP{M)) 

is isometric. If Hilbert space representations are (categorically) generated by L?{M), 
and self-dual C*-modules are generated by L^{M.) = A4, where are the modules 
generated by U'{M)1 This paper sets out to describe the missing representation 
theory. 

Proceeding by analogy, our target is the class of "columns of U'{M.y\ We 
show that a sufficient condition for an 7W-module to belong to this class is the 
existence of an L^^-^ (M.)-valued inner product. The description which results is 
a natural generalization of the cases p — 2 (the usual decomposition for Hilbert 
space representations) and p = 00 (see [Pa]). We employ a variety of methods, but 
perhaps the most notable direction is a consistent translation of Connes' spatial 
theory [C] to the setting. 

Building on results about the module structure of LP{A4) which are interesting in 
their own right, we find that the representation theory is largely analogous to the 

case, with a well-behaved sum and relative tensor product. It would therefore 
seem natural that there be a similarly rich bimodule category, i.e. a theory of 
correspondences. But surprisingly, the category is nearly trivial: whenp ^ 2, there 
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is an LP A4-Af bimodule if and only if Ai and J\f arc Morita equivalent. Modulo 
a possible degeneracy where both algebras are abelian, such bimodules naturally 
implement an equivalence of appropriate representation categories. 

Only one application - to ultraproducts - of our theory is given. We plan to 
discuss further examples and development in future articles. 

1. The module structure of Lp{M) 

Throughout, M, Af, etc. are von Neumann algebras; we frequently abbreviate 
LP{M) to LP and understand L°°{Ad) as M. All weights are normal and semifi- 
nitc, so wc omit the adjectives for brevity. Unsubscripted 9) denotes the separable 
infinite-dimensional Hilbert space, s{(p) is the support of (p, and S£{x) (resp. Sr{x)) 
stands for the left (resp. right) support of x. Subscripts are occasionally used to 
represent an action: e.g. Xm indicates that X is a right A^-module. But when the 
expressions are longer, we signify a bimodule by writing out the triple: an Ad-Af 
bimodule 3C is A4-3C-Af. The phrase "left (resp. right) action of is freqently abbre- 
viated to L (resp. R) for operators or entire algebras, so that we speak of L{x) or 
R{M). Finally, we often write for B{Sj) and M^{M) for B{^)'^M. Note that 
in contrast to much of the literature, the results of this paper (except for Section 
6) do not require that algebras be ct- finite or that p > 1. 

We assume that the reader has some basic familiarity with noncommutative L^ 
spaces. Conceptually, one can think 

LI = {L\Y/P, 

and we take this as a basis for our notation: the typical positive element is (/s^/^, 
where is a positive linear functional on M.. What this means is a matter of 
perspective, as there are many equivalent constructions of L^, but we find the 
Haagerup construction [H] most useful. In this setting L^ is exactly the set of r- 
measurable operators affiliated with the core ~ x M which are 1 /p-scaled 
by the dual action: Os{T) = e.~^IPT . (The operator we call (/? is more commonly 
called h^. An unbounded weight corresponds to a positive operator satisfying all the 
above conditions except for r-measurability.) Operator concepts like composition, 
positivity, left and right support, adjoint, and polar decomposition transfer directly 
into the L^ setting. Basic exposition can be found in [Te], and the reader is also 
referred to the elegant "coordinate-free" approaches in [Y] (more algebraic) and 
[FT] (more analytic). We use the Haagerup notation Tr for the evaluation functional 
on L^: 

Tt(u;)=a;(l), 

and recall that Tr implements the "tracial" duality between L^ and L': 

< ^, 77 >= Tr(er,) = Tr(r7^), ^ g L^, G L«, 1 + 1 = 1. 

V q 

In this notation, 

^'*ip-^' = {Dij:Dip)t; ^p'' xif''' = af {x) , (i G M) 

whenever s(ip) dominates s(ip), Sf {x), Srix). The cocycles or modular automorphism 
groups extend off the imaginary line exactly when the corresponding operator com- 
positions do. For more discussion of negative powers of states, see [S2]. 
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A fundamental fact for us is Kosaki's generalized Holder inequality [K2]: 

\M\r<mp\\vh. ^ei^ r;eL^ i + i = i. 

In particular, left or right multiplication by an element a; £ is bounded with 
norm < ||a;||. We will show a stronger fact momentarily, but first recall 

(1.1) (y9^^^ > ip^^P <^=> ip^^Tp^ is a contraction in s{(p)A4s{ip) C M. 
Then 

(1.2) ip^/P > V'^/P => IIV^/^II = \\i^p^ip'^)ip^/P{(p~^tp^)\\ < \\ip^/P\\. 
Lemma 1.1. Let a; > 0, and consider the map ^ ^ xS, on L^ . We have 

inf ,sp(a;) inf ||a;^||, ||a;|| = sup sp(a;) = sup \\x^\\. 

m=i u\\=i 

Proof. We discuss p < oo; p — oo only requires different wording. 

Holder's inequality is half of the last equation. To see the opposite inequality, 
choose e and let (p he a, state supported on the spectral projection q — e([||a;|| — 
e, ||a;||]) of x. We use (|1.2|l above to get 

The first equation is proven similarly. □ 

For an arbitrary element with polar decomposition x = v\x\, we have ||a;^|| = 
|||a;|^||, and the proposition alters naturally by considering the spectrum of |a;|. 

This does not give us an "L^ spatial spectral theorem" . A positive operator x 
generates a projection- valued decomposition of the identity, and the action on L^ 
is still "multiplication" (in an appropriate sense) by / Xde{X). But for disjoint sets 
I and J, there is no simple norm relation between the elements e(/)^, e( J)^ and 
their sum unless p = 2. This prevents us from using vectors to provide (pth roots 
of) measures, and we cannot write, say, ||^||p = / (i||e(A)^||P. 

Now we turn to a full description of the intertwiner set Hom(i^,L|^). The 
next three lemmas facilitate the proofs; the second is a slight improvement of [J], 
Lemma 2.3. 

Lemma 1.2. For ip e , 



Mp^/P = LPsiif), if^/PM = s{<p)LP. 

Proof. This result is well-known for p > 1, but we present a full proof for complete- 
ness. 

Let p > 1. Suppose there is ^ G s{(p)LP \ (p^/PM. By Hahn-Banach separation 
we may find rj G (p, q conjugate exponents) with 

Tr(?70 > 0, = Tiirjip^^Py), Vy £ M. 

Then we must have rjip^^P ~ 0, so ris{ip) = 0. But 

< Tr(r;0 = Tr(77s(^)0 = 0, 



a contradiction. By a symmetric argument we have Mip^/P — LPs{(p). 
Keep the same p, and assume that we have 



Mlp'-'/p = LP^"s{ip), p^/PM = s{p)LP^''' 
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for a positive integer n. We compute 



= s{ip)LP ■ LP/'^ = s{ip)LP'^''+^\ 

where the first equality is justified by Holder: if ip"-/Pxj converges, so does . 
The other equality is obtained similarly. 

Since any positive number can be written as p/n with p > 1 and n a positive 
integer, the result follows by induction. □ 

Lemma 1.3. Let y G P > 0, and {xa} he a hounded net in Ai. If 

(*) x^ip'IP^Q, 

then XaS, for any ^ in s{ip)L'^, where q is any positive real. This implies that 
on bounded sets, the strong topology that M. acquires from its action on LP does 
not depend on p. 

Proof. Suppose 

for j3 =l/p. Then (*) holds for /3 > as 

||xa/||<||a;„<^VP||||<^/3-i/f||^0. 
We may also conclude that (*) holds for /? = ^ by 

since ||a;* || is bounded. Together these two steps imply that (*) holds for all positive 
Now suppose that ^ G s{ip)L'^ = ip^/iM. Given £ > 0, choose y G so that 

Then 

\M\ < \\Xa^ - Xa^^/^yW + \\XaV^/''y\\ 

<{sup\\x„\\)U-^'/^y\\ + \\x„^'/m\y\\, 

which is less than e when a is so large that HxqI/?-^/' || < 2|^- 

When M is cr-finitc, this last step is the LP version of the well-known fact that 
for a faithful state (p, 

X I— > <p{x*xy^'^ 

implements the strong topology on bounded sets of A^. □ 
Lemma 1.4. Let {^a} C L'' (r < oo), {Pa} C 'P(AI) be nets such that 

(1.3) ^a=^aPa, ^0Pa = foV a < 0, SUp || = < 00. 

a 

Then converges in norm,, say to S,, and S,fj = £,Pp. 

The idea is that adding columns (=increasing the right support) without exceed- 
ing an L'^ bound implies convergence in L^. 
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Proof. First wc handle the case where r > 2. We have ^a^a increasing and norm- 
bounded; let (ys^/'' be the weak-* limit in the reflexive Banach space L^^^ and write 

^a^a = if^^^'Xa^^^'' with < q ^ s{ip). 

Using L^{qMq) = qL''{M)q, weak convergence implies that 

< V'^' >^< >, VV- e qL'q (- + - = 1), 

r s 

or 

that is, Xa = qxaq y q weakly in A4. Now 

q > a;^^ > Xa y q weakly x]l'^ / q weakly 
=^ (<? - a;^^)^ = q + a;„ - Ix^J^"^ \ weakly, 

1/2 

SO Xq, /" Q strongly. By the preceding lemma, 
and therefore 

Finally, for a < j3 the increasing right supports imply 

If r < 2, stiU ^a^* is increasing in L*"/^ and bounded. Choose 7 > 2/r; (CaO^^"*^ 
is then norm-bounded and increasing in a reflexive Banach space. By the above 
argument it converges in norm, so the continuity of exponentiation (see [R] , Lemma 
3.2) implies ^a^a — ii^aS.aV^'^)'^ converges in L''/^. The last computation of the 
previous paragraph again shows the convergence of ^q. 

Finally, set 1^ = lima^Q and use that right multiplication by pp is continuous: 

^Pl3 = (lim^Q)p^ = hm(^Qp/3) = lim^^ = ^p. 

a a. a 

□ 

When p — 00, Lemma [1.41 still holds. The same line of argument works, but 
instead of reflexivity one uses that von Neumann algebras are monotone closed. 

The next theorem extends work of several authors and solves a problem stated 
in Yamagami [Y] . 

Theorem 1.5. ^ + 7 ~ \, then any hounded map in Hom{L^, L'j^) is left 



composition with some element of . 

Proof. Let T be such a map. If p = 00, this is easy: T{x) = T{l)x. So assume 
p < 00, and for the moment assume A4 is cr-finite. Choose a faithful ip G Aif. 
With 

the polar decomposition, set 
and write 
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with yi,y2 contractive. The module property means that for any x d M, 
By continuity of T we may conclude 
for aU i(^LP. 

Now let ?/2 = lySl^ be the polar decomposition and qn be the spectral projection 
of 1 2/2! corresponding to [^,1]- Since 

qn = y2u*\y2\^^qn, 

T{qnO = ny2U*\yl\-\,,^) = {vi,^'- y,u*\yl\-\.n){qnO- 
It follows from this that 

\\v4,^''-yiu*\yl\-\n\\r<\\T\\ 

for all n, and notice the q^ are increasing to 1 since j/2 is nonsingular. 

If r < 00, Lemma ll .41 allows us to conclude the convergence of this sequence; say 

/ 1 /r * I * I — 1 

vip ' yiu |y2| qn V- 

Since T agrees with L{ri) on the dense set Ug„L'', they are identical. 

If r = 00, then ip^^"^ can be replaced with 1. The uniform bound implies that 
vyiu*\y2\^^qn converges strongly to an operator z with ||z|| < ||r||. Again, T and 
L{z) agree on Uq,iL^, so they are identical. 

Now we remove the cr-finiteness assumption. 

Let r < 00. If s is a a-finite projection in A4, we may find a state ip with s{ip) ~ s 
and apply the same argument to conclude 

T \sLp= L{r]s). 

Then the r/s satisfy 

r]s^r]sS, 7jts ^ i]s for s < ||?7s|| < |1TI|. 

Lemma 11.41 tells us that r/s converges along the naturally-ordered net of a-finite 
projections, say to 77, and rjs = rjs. Finally, if ^ G L^, f = si{^) must be cr-finite, 
and 

In case r = 00, the vectors rjs, t] are replaced by operators Zg, z. □ 

We single out the case r = cx) as a separate corollary. Though basic, there does 
not seem to be a proof for general p in the literature. (Terp [Te] settled the case 
P 1 by different methods.) 

Corollary 1.6. The left and right actions of M. on are commutants of each 
other. 

Notice that for p > 1, {LP)* = can be identified with IIom(L^,L^), with 
Tr implementing the duality as usual. It is known [Wl] that (LP)* — {0} when 
p < 1 and A4 has no minimal projection; compare that with 

Corollary 1.7. If A4 has no minimal projection and p < q, 

Hom{L%,Ll,)^{0}. 
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Proof. Choose a state f. If T is a bounded morphism and ^ ~ ^ + set 

f : -> by no - T(^V^^). 

This is a bounded module map, so by the preceding corollary there must he x ^ A4 
with 

= no = nv'/'-o- 

If X ^ 0, let X — v\x\ and e = e(e, oo) be a nonzero spectral projection of |x|. For 
all ^ G i^, we have 

lleell, = \\veO\ = \\v\x\e\x\-'eO\ = \\T{^^/^e\x\-^eO\\ = ||TMII < CHyyeCllp, 

where 77 — (p^^'^e\x\~^e. It remains to show that such a "reversed Holder inequality" 
cannot hold. 

Let /„ be a decreasing sequence of nonzero projections < e and converging 
strongly to 0. (This is where nonatomicity is essential.) Then by Lemma 11.31 
ll'7/nll ^ 0. Choose an element / with 

h/llr < l/C. 

Now take a functional p with s{p) = f. It follows that 

which is impossible. So a; = 0, which implies T((/?^/''-) is the zero map. Since this 
holds for any choice of T must also be the zero map. □ 

2. LP MODULES 

Now we turn to the development of an representation theory. Note that this 
cannot mean representations on classical spaces: LP{A4) itself is not a classical 
LP space unless p = 2 or is commutative. We would like to build the category 
out of LP{A4) in the same way that nondegenerate normal right Hilbert space 
representations are built out of L^{A4). 

Let us examine a countably generated Hilbert module S)m- Following standard 
arguments, Sj decomposes into a direct sum of cyclic representations {£,n-^)M: each 
of which is isomorphic to the GNS representation for the associated vector state, 
and all GNS representations are reductions of L^{Ai). So we have 

(In fact qn = se,{Oi)-) 

Since this is a right module, it is natural to write vectors as columns with the 
nth entry in QuL^: 

/ qiL\M)\ ( L\My 

Here e„„ are diagonal matrix units in A/qo, so (X) 9" ® ^nn) is a diagonal projec- 
tion in (g) B{Sj). The right action of Ai is, of course, matrix multiplication (by 
1x1 matrices) on the right. Modules which are not countably generated can be 
represented by columns and projections of larger size, and non-diagonal projections 
work equally well - see Section 5. 

Our target class of modules is obtained by replacing the index 2 by p. Although 
this seems simple enough, the geometry of such spaces presents certain difficulties. 
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To start with, one cannot obtain the norm of a column via an £p (or sum. The 
following example will serve as motivation. 
Consider the right A^-module 

X = ( LP ) ■ 

This should be a left M2(A^)-modulc, as it is 

L^(M,(A^))en = (™j°). 
It is then a left submodule of LP {M2{AA)) and so inherits the norm: 

ii(i,)!i = ii(^o)iiL^(M.(A.)) = iirc+r?*r;ii;;^, 

which is in general not purely a function of the norms of ^ and 77. 

Norm-determining expressions of the form recall inner products in Hilbert 
C*-modules. Based on this parallel, we make 

Definition 2.1. Let X be a complex vector space which is a right A4 -module andp e 
(0, 00]. By an L^^^ -valued inner product on X we mean a sesquilinear mapping, 
conjugate linear in the first variable, from X x X to Lp/^{M) which satisfies 

(i) < ^,rix >=< ^,V>x; 

(ii) < ^,?7 >=< ?7,^ >*: 

(iii) <e,^>>0; <^,^>=0 ^ ^ = 0. 

Proposition 2.2. 

(2.1) <^,r?>=<e,^>'/'T<77,7?>V2 
for some T € A4 with \\T\\ < 1. So if we set 

m\ = \\<^,^>'^'\\p, 

then 

(2.2) ll<^,^>llp/2<||elllM|. 

We have that \\ ■ \\ is a norm when p > 2 and a p/2-norm when p < 2. (This is 
improved by the end of the next section.) 

Proof. Most of this proof is standard. For ^, ry S X, consider the matrix 

^= (<S <^;S) e^^2(L''/'(A^))c=^LP/'(M2(A^)). 

We claim that A is positive. If A4 is semifinite, we may choose a faithful semifinite 
trace r and consider the spaces to be spaces of r-measurable operators. For 

x,y € L'^ Ci L°°, which is dense in L'^, 

((<S t%l)iy)Ay))=< ^x + vy,^x + vy>>0, 

and by density the matrix is positive. 

If M is purely infinite, then so is M2{M); let v he a, partial isometry in M2{M) 

with vv* = 1, v*v = eii. Thus v is of the form 

(vii o\ 
\vi2 0) ■ 

We have 

A = vv*Avv*=v[<^%^)a{111°,)v* 

= ^ ( <ivii+rivi2^vii+rivi2> u* > Q. 
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A von Neumann algebra decomposes as a direct sum of semifinite and purely infinite 
summands, so we see that A is positive in general. 

Now the usual matrix manipulations give (|2.1|l . and (|2.2|) follows by Holder's 
inequality. 

When p < 2, use the inequality from [K2] 

h + M\1<\H'', + \\w\\l, v,weL'', q<l 

to write 
(2.3) 

lie + ^711^ ^\\<^,C> + <i,V> + <V,i> + <V,V> 

<\\<^,C>Cl + \\<^,v> CI + \\<v,^> CI + II < V, V > C/l 

<ur + mr^'\\vr^' + \\vr 

Therefore 

When p > 2, one starts (|2.3|) with ||^ + 77 |p and proves the triangle inequality 
via the same manipulations. □ 

It is worth noting that < ||e||||a:^I|, so the action of A4 is continuous. 

Definition 2.3. For p < 00, a right M-module X is called a right Ai-module 

if it has an L^^^ -valued inner product and is complete in the inherited (quasi)norm. 
For p = 00, we keep this condition (so X is a Hilbert C* module) and impose the 
additional requirem,ent that the unit hall of X be closed in the strong topology, i.e. 
the topology arising from the seminorms 

The set < X,X > is a closed self-adjoint sub-bimodule of L^/^, which must have 
the form zL^^^ for some central projection z & M. So X is a faithful right 
zM-module. 

Examples: 

• Any classical space is a right module for the corresponding L°° 
algebra, with inner product 

<.f,9>= 

• Any normal right representation of on a Hilbert space = X admits a 
unique structure as L^-module by setting the inner product 

to be the state ui^^rj defined by 

(For coherence, the inner product in should be linear in the second ar- 
gument.) On the other hand, any IJ^ A^-module X is also a Hilbert space 
via 

< Ul >^^< ^,V>x (1) = Tr(< ^,r; >x), 
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where Tr denotes the Haagerup trace on i^. Since the X-inner product is 
A^*-valued, the Hilbert space representation is automaticaUy normaL 
• LP{A4) is a right Lp module with inner product < ^,r] >= ^*rj. Similarly 
for qLP, where g is a projection in A1. 

We wish to highlight a special class of right jM-modules; call them 'principal' 
for the time being. If {qa}aei are projections in M., the set 

(2.4) {(^„) I e qc^LP, ^CCa e LP/^} 

is a right A^-module with 

For p = 00, Paschke [P] showed that the directed net of finite sums converges 
strongly; he called this construction an ultraweak direct sum. 

For p < oo, the limit (of finite sums) exists in norm. This follows from the 
Cauchy-Schwarz inequality, which can be proven directly as follows. Let Sji be the 
Hilbert space with dimension |7|, and set 

(So we are placing ^ along the first column of a matrix.) Then Kosaki's generalized 
Holder inequality [K] guarantees that 

and 

II < ($«),(/?«) > iip/2 = iir^iip/2 < iiaipii^iip = ||(E^«^«)'^' I 

II — lp II — 

= ||(E^^^-) '^'kT.'^Mf' = \m\v\\- 

II — p/2 II — llp/2 

We denote this module ^^Qa^P for column sum. Indeed, the reader should 
think of principal modules as columns with entries from LP. Motivated by this, we 
make 

Definition 2.4. Let {X^} be LP modules. If {^a) o,nd [rja) have finite support, set 

< (Ca), (?7a) >= E < > • 

The column sum, ^^X^, is the closure of the finitely supported vectors with 
respect to the (quasi)norm (p < oo) or strong topology (p = oo) coming from this 

inner product. 

We denote the countable column sum of U'{A4) as Cp{M), or simply CP if the 

underlying algebra is clear. 

Note: As above, it will turn out that 0^Xq — {(Ca)| < CcoCa >G LP^'^}. 

We can now state one of our main results. 

Theorem 2.5. Any LP module is isometrically isomorphic, as a module, to a 
principal Lp module. 

If X is cyclic, this is easy. Take 
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and consider the densely-defined isomorphism of modules 

Since the inner product and the bounded action of A4 extend continuously to the 
completion, this is an isomorphism. 

The whole difficulty of the proof lies in devising the column sum decomposition. 
This may be thought of as a generalization of the fact that Hilbert spaces have an 
orthonormal basis. (A version of this theorem was proven for a special type of 
module in [Jl, Prop. 2.8].) 

3. Proof of Theorem 12.51 

If p = 2, X is a Hilbert space. The previously mentioned decomposition theorem 
gives 

isometrically as modules. Now the right-hand side admits a unique i^-valued inner 
product and so is a column sum in our sense; therefore X is principal. 

We consider the cases p = oo, p > 2, and p < 2 separately. 

Case 1: p = CO 

Choose ^ G X and set 

/ IX -1/2 

Cn = d<C,e>+-) e^, 

SO UnW < 1. 

We observe 

'/f(< Cm - ^«,C>n - >) 0, 771,71^0. 

Then C„ converges strongly, say to 771, and apparently < 771, 771 > is a projection qi. 
Consider a maximal set {rja} with the property that 

If the strong closure of ^ rjaM is not all of X, choose ^ outside this set and write 

(3.1) ^^^Vc.<Vc.,^> + [^-J2'^°'<'^°'^^>)■ 

The first summand should be interpreted as a strong limit; existence follows from 

the Bessel-type inequality 

< - XI ^" < ^ >' ~ H ''^ < ^ >) ^' ^ > " H I < ^ > 1^- 

By assumption the second summand in H3.1|l is nonzero. We can normalize it as 
above (which does not change orthogonality) and add it to our set {t^q} - but this 
violates the maximality of {rja}- 

Therefore the strong closure of '^rjaM. is X. Finally we have an isomorphism 

c 

Essentially this is Paschke's result [P], but we have started with a topological 
condition instead of an algebraic one (self-duality). A Hilbert C*-module X is called 
self-dual if X ~ }iom{XM, -^m) via ^ <-*■< ^, • > . Weaker than the strong topology 
we have defined is the weak topology on the unit ball, generated by the functionals 

^ i-^ (p(< 77,^ >), ^peM*,rieX. 
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Wc have arrived at 

Theorem 3.1. For a Hilbert C*-module X over a von Neumann algebra M., the 
following conditions are equivalent: 

(i) the unit hall ofX. is strongly closed; 

(ii) X is principal; or, to say the same thing, X is an ultraweak direct sum of 
Hilbert C*-modules Qa-M, for some projections Qa; 

(iii) X is self-dual; 

(iv) the unit ball of 3i is weakly closed. 

This theorem has consequences for an arbitrary Hilbert C*-module X over a 
von Neumann algebra M. Set X to be the strong closure; a straightforward ar- 
gument shows that X is an L°° module for A4. Therefore X is representable as 
a strongly dense submodulc of a principal L°° module. This observation, and a 
similar discussion, are also found in [We]. 

Case 2: p>2 

Let {^a} be a maximal orthogonal set (with no condition on < ^a^^a 

>). Set 

Xo = ^?A7~0g„Lf. 

c 

Any vector 77 in Xq can be written as a limit, i.e. 

n ^ — ' 

But if this is Cauchy, the orthogonality of {^a} implies 

= lim \\y^EaXa,n - ^aSJa.m || 

> lim \\^a{xa,n - Xa,m.)\\ for each a. 

Thus T] has a unique representation as X^r/c rja € QaL^, and we have an isomor- 
phism of LP modules 

c 

So we just need to show that Xq = X. Now X is a Banach space since p > 2, 
and Xq was seen to be reflexive in the last paragraph. Therefore Xq is a proximinal 
subspace of X ([Si], Cor. 2.1). This means that if ^ G X\Xo, there exists an element 
rio in Xo with 

11^-%!!= inf ll^-^ll. 

rieXo 

Then C — £, ~ Vo has as a best approximant. What does this say about 
Fix a and x € A4. By assumption, the function 

R3t^\\C + t^xx\\ 
attains its minimum at t = 0. Set 



< C,6 >=< C,C Tx < a, 6 



MODULES 



13 



using H2.1|l . and observe 

\K + tixx\\ 

= II < C, C > +2tRe (< C, C Tx < 6,6 x) + t^x* < 6,6 > ^11 

"^^ II < CO +2tRe (< C,C Ta < 6,6 a;) 

+ tV < 6,6 >'^' r^*TA < 6,6 a^ll 
= II < C,C +irA < 6,6 2:|| ^ /a^.W. 

Now fx J. is difFerentiable since C was presumed nonzero and the norm in \ {0} is 
Frechet difFerentiable. (The Clarkson inequalities imply is uniformly smooth for 

I < p < oo [QX].) It agrees up to o{t) with a function which has a local minimum 
at t = 0, so /j^ ^(0) = 0. Finally, it is convex by construction. It follows that fx^x 

attains its absolute minimum (= || < C, C >^^^ \\ — ||CII) a-t 0. 
Since this is true for all A and x we get that in 

dist(< c,c>'/',E^><^>'^^>'/'-^) = IKII- 

By Hahn-Banach there is a norm one functional on which annihilates the sub- 
space < 6, 6 >^/^ M and takes the value ||C|| at < C, C >^^^- This functional 
must have the form Tr(tip^/^-) for some v G A4, p G Ai^ . Then we fix A and write 
out 

Tr(V/'rA<6,6>'/'A^) = o 

(3.2) ^s(p)^s,(Ta < 6,6 
Also 

II < CO'/' \\p = |Tr(V/'^ < CO'/')l < Hp) < CO'/' \\p < II < CO'/' h 

so these are equalities and in particular 

(3.3) s(p) = s(<CO'/'). 
Together (EHJ and imply 

<C6 >-<CO'/'Ta <6,6 >'/'=o. 

So the set {6} was not a maximal orthogonal set in X, a contradiction. This 
completes the proof for p > 2. 
Case 3: p <2 

By restricting the algebra (see the discussion following Definition 12. we may 
assume that the module is faithful. We need two auxiliary constructions. 
I. Let X be an module, and l/p+l/g=l/r. We write 

for the closure of the algebraic tensor product, modulo the null space, in the topol- 
ogy arising from the degenerate inner product 

< 6 ® ?7i,6 ® ?72 v*i < 6,6 > ??2 e L^'/^iM). 
It is easy to see that X L'^{M) satisfies the relation 

(3.4) ^X (i^ T] — ^ (Si XT] 

and is an module in our sense. 
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II. Let X be an module and iphe a fixed faithful strictly semifinite weight on 
A4. This means that ip = '^'fia, where the ipa are orthogonal and bounded. We 
will create an module with the same "shape" as X. 

Lemma 3.2. The following conditions on a vector ^ € X are equivalent: 

(i) <t^>< Cip^lv for some C; 

(ii) < >V2— y(pi/p fgj- some y G M; 

(iii) < >i/2— (^i/p^ for some z e M. 
We denote the set of such vectors as T),^ . 

This is nothing but Hl.l|l . 

Lemma 3.3. D,^ is dense in X. 

Proof. Given any ^ G X, let q = s(< >) and densely define the L'p module 
isomorphism T by 

T -.qLP CX, T{<£„^>^/^ x) ^^x. 

We need that elements of the form yp^^^ are dense in L^. Because ip^^P is not 
necessarily r-measurable, this is slightly more delicate than Lemma H"^ 

Set Qa — s{ipa), and let {rp} be the net of finite sums of the q^ (ordered nat- 
urally). Again by Lemma f 1.41 the net {< >i/2 j-^} converges to < >^/'^ . 
Since r^ commutes with (/j^/^, we have 

>^^^ rp G LPrp = Mrpip^/P. 
Putting these two approximations together, we may find {?/„} C A4 with ynf^^P — > 

T is an isomorphism and preserves inner products, so 
Also 

< T{y„v'/P),T{y^^'^P) >=< y„^'^P ,y^^'/P >= I ^ yly^^'' ' ^ < ||y|| 
so by Lemma 13.21 Tijjn'P^^P) G T)^. Thus we have written ^ as a limit of vectors in 

□ 

With ^ + 7 = we define an L^-valued inner product on by 
(3.5) < 77 >r,^^ if-^l- <^,V>x ^-^1'- 

By (|2.1|l and Lemma 13.21 Lp^lP factors out of < ^,77 > on both the left and the 
right, and (|3.5() is justified. The nontrivial fact that composition with Lp~^l'^ is the 
inverse of composition with lys^/'' is found in [S2]. 

We now describe the module action. Clearly the previous A^-action is not com- 
patible with the new inner product (and is not a submodule of X). Instead we 
need to work with A^^, the operators in for which 

t i-s- erf (x) = if)^*- xip~^^ 

extends off the real line to an entire A^-valued function. 
The action must be 

-l/r l/r 

rj ■ X — J](p ' xtp ' ; 
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then 

As we noted before, an L^-valued inner product composed with Tr is a usual 
inner product; therefore the cfosure of T)^ in the inner product norm is a Hilbert 
space i33e,i^- The *-algebra Al^ is represented isometrically on it - in fact it is a 
*-representation: 

<^,77-x* >^^^^^Tv{<S„iTX* >dJ -Tr(<e,??>D, x*) 
= Tr(x* < e, 77 >P J = Tr(< C • X, 7? J. 

We need to show that the von Neumann cfosure oi is exactly Ai. A dense 
set of vector states in this representation is 

(3.6) x^<^,^-x>^^^^, ^eP^, 

and these are identical to the linear functionals 

xh^Tr(<e,e>p, x), eeP^. 

Deducing further and using Lemma 13.21 

Now we need another double approximation argument, and we are brief. Since f 
is semifinite, any element of A4f is a norm limit of elements ip^^'^\yn\'^^^^'^ , where 
Un G ^ip, the definition ideal of ip. Each of these can be approximated by an 
element 

1/2| |2 1/2 1/2 I |2 1/2 

{r/3 are as in the proof of Lemma [3.3(1 . and these belong to the sets above since 
yrpip^^P € LP. 

The upshot of all this is that the vector states in 1(3. 6|l form a dense set in A^ + . 
Thus the strong topology in this representation agrees with the strong topology in 
the representation of A^^ on L^{Ai). Happily, Al^ is dense in A4 in the latter 
topology, so the von Neumann closure is M. 

The reader can check that the extensions of the Al-action and L^-valued inner 
product to ^x,ip do make it into an module for M. 

Now consider the module 

We will make two observations: that it is principal, and that it is isomorphic to X. 

S)x.^p is an module and so of the form 0^ QaL^- It is not hard to see that the 
functor "(X'Tvi^'^" commutes with column sums; i.e. 

^x,.p ®mL'' = (0 fcL^ J (g,^ L'- ~ {q^L^ (^M L' ) = 0(gai^), 

\ c / c c 

which is principal. 

Consider the dense submodule 
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For elements of this subset, we have 

< £,®ip^'''x, T]®ip^/''y >= x*ip^''' <tv>sj ^^'""y = x* <^,Tj>xy=< ix, riy >x ■ 
So the correspondence 

^ (g) if^^^x ^ ^a; 
densely defines an L'p module isomorphism 

As before, the A^-action and inner product must agree on the closure, and the proof 
is complete. 

Since any module is principal, we see that 1) |j • || is a norm for p > 1 and a 
p- (not just p/2-) norm for p < 1; and 2) 

c a 

as were mentioned in Section 2. 

It also follows from the proof that for any set 5" C X an module, 
(3.7) S^^='SM. 
So if S is already an module, 

3C — S (Be S 5 

that is, right submodules are necessarily column summands. 

4. An APPLICATION TO ULTRAPRODUCTS 

Here we give a nontrivial application of Theorem 12. 51 

Fix a free ultrafilter U on N. For a Banach space X, we define the ultrapower 
Xu by 

i°^{X)/N'u, where AAw = {(x„)| lim ||a;„|| = 0}. 
We will need the following result of Raynaud: 
Theorem 4.1 (R). Let M be a von Neumann algebra. Set 

N^{{M.)ur. 
Then M is a von Neumann algebra and 

LP{M)u ^ LP{M). 
In fact Mu is strongly dense in TV. 

Now take p > 2 for simplicity, and consider the Banach space Cp{A4)u. While 
CP{M)u naturally contains CP{N'), they are not equal; the reader should think 
of a sequence of unit vectors in Cp{M.) where the support wanders off to infinity. 
(Evaluating the limit componentwise is a projection from Cp{M.)u onto C^^Af).) 
As huge as CP{M.)u is, we can still gain some control over it via 



Proposition 4.2. Cp{M)u is a right LP M-module. 
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Proof. We explain the module structure. Let x G Aiu C Af have representing 
sequence and let ^,7? G C'p{M)u have representing sequences {®Tk=i^k)i 

(©2°fc=i'7fe)- We naturally define fa; by the representing sequence (©cCfc2;„); it is 
easy to see that this does not depend on the initial choices. Similarly, we set 

It is clear that this inner product generates the norm and is compatible with the 
module action. 

Finally, we show that the module action extends naturally from AAu to M. 
The strong topology that Adu inherits from its action on Cp{AA)u is generated by 
seminorms of the form 

(x„) ^x^ \\^x\\ = lim IK < ©cCfe,©cCfe > x-aW'^ 

= hm ii<^ < > xnW'/' = lim ii(^ < i-,c>: >y/'xj 

k k 

= lim ||<^y^x„|| = ||^i/^'x||, 

where the Lp]/''' e LP{Ai) form a representing sequence for Lp^^^ S LP{Af). By 
Lemma 11.31 these are exactly the seminorms which generate the strong topology 
on Aiu inside Af. This completes the proof. □ 

By Theorem 12.51 we know that any module can be written as a column 
sum. One can think of CP{Ai)u as containing countably many copies of L^{M) 
from componentwise limits, plus uncountably many more from all the directions in 
which support might wander. Perhaps it is more natural to think of C^{Ai)u as 
a continuous column integral of LP{Af) over a very large space; the adventurous 
reader may want to consider how to make this statement more precise. 

5. COMMUTANTS AND CATEGORICAL PROPERTIES 

Consider a countably generated right module X for a cr-finite von Neumann 
algebra Ai. By Theorem 12. 51 there are projections {<?«} with 

X ~ qnLP ~ (7„ ® enn)CP = qCP. 

c 

If two such projections 91,(72 € Moo(A^) are Murray- von Neumann equivalent via 
a partial isometry v, we have a module isomorphism (even isometric) qiC^ ~ 92 C'^ 
via left multiplication by v. We will obtain the converse after proving 

Proposition 5.1. On qC^, the right action of AA (— R{A4)) and the left action 
of qMco{AA)q (— L{qA'Ica{A4)q)) are commutants of each other. 

Proof. Once again we may assume that the module is faithful for the right action 
of A4. Now note that the two actions mentioned are commuting and bounded: 
boundedness of L{qAIoo{A4)q) follows by viewing it as a subalgebra of AIao{A4) 
and using the Holder inequality. Finally, by the remark before the proposition, we 
may assume that q-^ ^ 1. 

So let T be a bounded operator on qC^ commuting with the right action of Ai , 
and then set T' = T o L{q). T' is bounded and commutes with R{AA) on all of . 

Since T' acts on column vectors, it has a matrix representation as (T^c), where 
each r/- operates on LP{M). Fix a single T/ . For any f e LP{A4) and x e AA we 
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may consider the vector ^ in with ^ in the jth position and elsewhere. Since 
T' commutes with R{M), 

By Corollary 11.61 we know that T/^ = L{yij) for some yij G A4. Considering 
the kernel and range, we deduce that yij £ qiAdqj. Then T' — L{{yij)) for some 
bounded operator (y^) G gMoo(A4)(7, and this representation is the restriction T 
as well. 

Instead of trying to check that any operator commuting with L{qMoo{M)q) must 
lie inside R{M.), we give a small argument involving projections in order to invoke 
symmetry. In the cr- finite algebra M^o ^ M^o ® M, the projections 

I iSi q and en ® / (X) Im 

are both properly infinite and therefore equivalent ([KR], Corollary 6.3.5). They 
remain so after subtracting their common subprojection en (8) q (we assumed g"*" ~ 
I 'Si Im)i allowing us to find a partial isometry v between them which fixes en S q- 
Conjugation by v gives an isomorphism 

(5.1) M^{qMoo{M)q) = (/ ® g)(Moo SMooS M){I ® q) 

~ (en ® I (E) Im)(Moo «) Moo S M){eii Si ®Im) 
^MooiM). 

Now let r = v*{eii S en ® ^m)i^ be the projection in the first algebra which 
corresponds to en ® Im in the last, and notice en ® g is the "outer" matrix 
unit e'li for MooiqMac{M)q). Via the isomorphism above, we have the isomorphic 
bimodule presentations 

(5.2) q{MooiM))q - qLP{Moo{M))eii ~ M ^ 
q{Moo{M))q - e[^LPiMoo{q{Moo{M))q))r ~ r{Moo{q{Moo{M))q))r. 

(The point is to observe that module and commutant are written as reduced amplifi- 
cations of the left algebra.) Now applying the first argument finishes the proof. □ 

That q be diagonal, i.e. of the form g„ €5 e„„, is actually unnecessary. For any 
projection q in Moo{Ai), the LP module qCP inherits its structure from CP. 

Corollary 5.2. If the LP modules qiCP, q2CP are isomorphic, then the projections 
qi, q2 are Murray von-Neumann equivalent. 

Proof. The proof is no different than the case. If S is the isomorphism, extend 
it to 

S : qiCP ®c qiCP ^ CP ^ CP; 
5(^0,77) = ^(0. 

S is clearly bounded, so by Proposition l5.1l it is given by left composition with some 
y S Mao{M). By considering the kernel and range of S, we see that Sr{y) = qi and 

se{y) = q2- □ 

By virtually the same argument we obtain 
Corollary 5.3. + i = 

Hom{q,CP^,q2Cl,) = L{q2U {Moo{M))qi). 
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Remark: Proposition 15.11 and its corollaries still hold without the assumptions 
that the algebra is cr-finite and the module is countably generated. (This requires 
either a direct limit argument or a more subtle calculation with projections.) In 
the general case, the typical module is qLP(Mj{Ai))eii for some cardinal J and 
projection q E Mj(A1); we will not need the full result in the sequel and so opted 
for clarity. 

Now we continue to investigate the category of isomorphism classes of countably 
generated right Al-modules, with intertwiners as morphisms, which we call 
Right LP Mod{A4). These are submodules of C^; from the foregoing discussion we 
may conclude that they are parameterized by Murray von-Neumann equivalence 
classes of projections in Moo(A4), which is V{Moo{.M)) in the language of if -theory 
[W-0]. It should be clear that this is an additive category, with addition being 
the column sum of orthogonal representatives. This actually gives us monoidal 
equivalence with V{Moo{Mj): 

qiCP®cq2CP = {qi+q2)CP, qi ± q2 

corresponds exactly to 

[qi] + fe] = [qi + 92], qi ^q2- 

It follows that CP ®c qCP ~ C, which is the version of Kasparov's stabilization 
theorem for Hilbert C*-modules ([L], Theorem 6.2). In case is a IIi factor, we 
can make the correspondence with V{Moo{M.y) — [0, 00] explicit with the natural 
definition 

(5.3) dimA^ {qC^) = TM^(M){q)- 

Clearly d\Ta.M{®c^i) = X]dim_A4Xi. 

All of this is identical to the case, but we recall the difference at the vector 
level: the norm in a column sum [p ^ 2) 

is not, in general, a function of the norms in each component. Now it may occur 
to the reader to try a "diagonal" sum ( q || ) , as is done for operator spaces. This 
is an P direct sum, but no compatibility is required or retained: the diagonal sum 
of a right A^i-module and a right A^2-module is a right {Mi © M2)- 
module. If A^i = M.2 = M., the diagonal sum is algebraically an A^-module, but 
not necessarily an module in our sense: the inner product would naturally be 
LP/'^[M. © A^)-valued. The difference is already apparent in the simplest possible 
case: 

7W = X = 2) = C. 

As modules, 

(5.4) CeeC=(C)c, \\{t)\\ = {\a? + \b?f'\ 

C C = (C ) IK S g)|| = {\a\P + wY'p. 

C ©d C cannot be a right LP C-module, since it is apparently not isometrically 
isomorphic to the only two-dimensional right LP C-module, C ©c C. (Instead it is 
a right LP (C © C)-module.) 

Since there are many equivalent constructions of LP{M.), it should not be surpris- 
ing that there are other ways to build the class of L^ modules. We do not reproduce 
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the details from [SI] but simply note that the class of countably generated right 
modules, modulo spatial isomorphism, can also be described as 

• a minimal class of complete right A^-modules which contains LP{M) and is 
closed under taking submodules and forming countable column sums (recall 
equation ^7^)\ 

• a class of spaces of "column" operators which satisfy a homogeneity 
condition in the sense of Connes-Hilsum [Hi] ; 

• a class of interpolation spaces, following Kosaki [Kl]. 

In the sequel we will frequently be concerned with left actions. Of course, the 
theory of left U' modules is entirely analogous. The counterparts to column sums, 
C^, and Right L^Mod we call row sums, RP, and Left LPMod. There is a 1-1 
correspondence between left and right A^-modules given by the contragredient 
mX of Xm- 3£ is conjugate linearly isomorphic to X, with left action x ■ ^ — S,x* 
and inner product < ^,fj >=< ^,77 >. Of course, one may similarly take the 
contragredient of a left module; X is canonically isomorphic to X. It is easy 
to see that when X is represented as a principal module, the contragredient 
corresponds to the operator adjoint. 

Definition 5.4. An A4 — JV bimodule is an M — J\f bimodule (meaning that 
the actions commute) which is simultaneously a left M.-module and a right U' 
M-module. We denote the category of isomorphism classes, with intertwiners as 
morphisms, by U' Bimod{M.,J\f). 

Notice, by Proposition l5 . II and (|5.2|l . that every left or right A^-module is an 
U' bimodule, with opposite action coming from the commutant. We will explore 
this more fully in the next section. 

Our final observation of this section concerns the relative tensor product, a sort 
of "multiplication" for Hilbert modules. The original arguments are due to Connes 
and Sauvageot (and found in [P] and [Sa]); the informed reader will recognize our 
LP formulation as a minor modification. As explained in [S3], on the module level 
the relative tensor product only "sees" the projections (more precisely, the elements 
of V{Moa{M.))) which determine the modules. The densities of the modules - all 
1 /2 in the usual case - are irrelevant, and so we may choose any p, q, r we please. In 
the following definition the notations C{Xm) and £(jvi2)) stand for commutants. 

Definition 5.5. By an {Ai,p,q,r) -relative tensor product we mean a functor, 
covariant in both variables. 

Right LP Mod{M) x Left LniodiM) L'' Bimod{C{XM), C{mV)); 

(X,2}) ^ X(»M,p,q,r 2) 

which satisfies 

LP{M) ®M,p,q,r L^M) ~ L'-(A^) 

as bimodules. 

We remind the reader that the sums in these categories (which the relative tensor 
product must distribute, by functoriality) are not direct. So, for example, 

{(BcLP) (E)M,p,q,r LI ~ ©c(i'^)- 

By decomposition and functoriality, it is simple to see that such functors exist and 
are unique up to unitary equivalence. One has the following representation result: 
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Proposition 5.6. LetX'^ qiC^ G RightLPMod{M),^ ~ i?«g2 e LeftL'^ModiM) 
for some (71,(72 G 'P(Moo(Ai)). T/ien 

with natural action of the commutants. 

It is also possible to give an element-wise construction of the relative tensor 
proiiuct based on a fixed faithful state (or weight) ip. The usual construction is 

for a suitable dense set of ^, rj, and the (p, q, r)-relative tensor product requires 

1 _ i _ 1 

Both of these identities are discussed in [S2] , and in [S3] the preclosedness of this 
relative tensor map is investigated in full. The reader will notice that the auxiliary 
constructions introduced to prove the p < 2 case of Theorem 12.51 are nothing but 
relative tensor products. 

6. LP BIMODULES 

The theory of bimodules, which contains that of subfactors, is one of the most 
fruitful fields in the study of von Neumann algebras. But for the analogues with 
p ^ 2, the lack of Hilbert space symmetry makes for a much more restrictive 
theory. One deficit which is apparent from the outset is that bimodules do not 
add: row and column sums preserve one algebra only. We will see that there are 
other significant limitations. In this section we simplify the discussion by assuming 
1 < p < 00, p ^ 2, all algebras to be a-finite, and all modules to be countably 
generated and faithful. 

The structure theorems proven so far show that every left or right Al-module 
is an LP bimodule, with opposite action coming from the commutant. But of course 
the commutant is the "largest" choice, so SuU M. — M LP bimodule gives injective 
homomorphisms of each algebra into an amplification of the other. 

Lemma 6.1. Let X be an Ai ~ J\f LP bimodule, and suppose that X ~ RP{M.)q via 
an isomorphism T . Then there is an injective normal *-homomorphism 

n : M ^ qMoo{M)q 

such that 

T(en)=r(07r(n). 

Proof. The only things to show are that tt is normal and *-preserving. For normal- 
ity, note that by Lemma Fl.^l the strong topologies on the unit balls of TV and tt{N') 
are both given by the module actions, which are identical. 

A variant of Lemma 11.11 says that the norms are also generated by the module 
actions. Since (orthogonal) projections are exactly idempotents of norm one, tt 
takes projections to projections. By approximating with projections, we see tt 
takes self-adjoint elements to self-adjoint elements. Finally, 

t:{x*) — 7r(Re x) — iiri^m. x) — n^x)* . 



□ 
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One is tempted to follow the theory of correspondences [P] and guess that 
bimodules are equivalent to normal unital *-homomorphisms, but this is asking too 
much. For example, LP{M) \s ai\ M — bimodule, and naturally C C A^. 

But if LP{M) is a right C-module, then LP{M) ~ qC^iC) for some g, and 
this last object is actually a Hilbert space. Then the norm in LP{M) follows the 
parallelogram law; if Lp, are states with orthogonal supports, 

(6.1) 4 = 2(||^i/Pf + llV-i/^f ) = ||<^'/'' + V^'/^'f + llfys'/^ - V-'/^f = 2 ■ 

Since this is false when p ^ 2, such states cannot exist. Thus LP{Ai) is a right LP 
C-module iff X = C. 

The cause of such a phenomenon is clear: noncommutative spaces remember 
their generating algebras (except for amnesiac p = 2). The existence of an 
M. — N bimodule therefore implies a relationship between J\A and TV, and the 
remainder of this section is devoted to a precise description of this relationship. 

A major tool will be the following result of Raynaud and Xu (relying heavily on 
Kosaki's papers [K2], [K3], where a subcase is proved). 

Theorem 6.2. [RX] When p ^ 2, two elements ^, rj of a noncommutative space 
satisfy si{Cj ± st(f]), Sr[0 ± Srirf) iff they satisfy 

(6.2) iie+r;r + ii?-r^ir = 2(iier + hr). 

Proposition 6.3. Let X ~ RP{A4)q be an L^ AA — JV bimodule. Then the centers 
of M. and M are isomorphic and act identically on X. 

Proof. We will use the classical L^ notion of L^ -projection [B]: an idempotent E 
on a Banach space satisfying 

(6.3) \\^\\p^\\Eir + \\i-Es,r 

for all elements ^. Commutative L^ spaces are characterized by having sufficiently 
many L^'-projections, but the same is not true in the noncommutative setting. We 
will show that the i^-projections on X can be identified spatially with the central 
projections of either M or TV. 

That a central projection is an L^-projection is clear. So let E be an L^- 
projection, and make the identification X ~ RP{M.)q. For any two vectors ^ G 
Rani?, rj G ker£', H6.3|l implies H6.2|l (since —77 G keriJ also). Then ^ and 77 have 
orthogonal left and right supports, and we have the decomposition in AA 

V ^^(0+ V ^^w = i- 

Now the left action of the first projection above is apparently E, which must also 
equal the right action of VjeRanB ^r{C) £ {M')°^ = qMoo{M.)q. This is only possi- 
ble if the projection in Ai is central. 

Thus each central projection in TV, being an i^-projection, is identified spa- 
tially with a central projection in M.. It follows that the centers of AA and TV are 
isomorphic. 

□ 

At this point, our original approach was to decompose X into a direct integral 
of LP bimodules between factors. This requires a significant detour into measure 
theory, and we have opted to omit these arguments (which may appear elsewhere) 
and deal with central projections. 
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We will use the following two results, which characterize isometries between 
noncommutative spaces under certain circumstances. 

Theorem 6.4 (Ye). Let {A^, tm}, {A/", ta/'} be semifinite von Neumann algebras 
with given traces. Let T be a linear isometry from L^IM, tm) to L^[M ^ T_\f) (j) ^ 2), 
where we view these as spaces of tm or -measurable operators. Then there exist, 
uniquely, a partial isometry w £ Af, an injective normal Jordan *-homomorphism 
J of M into J\f , and a positive unbounded operator B affiliated with J(A^)' fl M , 
all satisfying 

w*w = J(l) = s{B); 
TM{x)=m{B'PJ{x)), ^xeM+] 
T{x) =wBJ{x), \/x e MnLP{M,TM)■ 
lt is worth explaining here that a map between von Neumann algebras is Jordan if 
it preserves the Jordan product xoy — {l/2){xy-\-yx). An injective normal Jordan 
*-homomorphism is the sum of a *-homomorphism and a *-antihomomorphism; 
the two supports, which are central projections, have sum > 1, and the two ranges 
are orthogonal. A surjective Jordan *-isomorphism is necessarily normal and so 
can be centrally decomposed, in both domain and range, into a *-isomorphism 
and a *-antiisomorphism. (See [HaS] for details. The only ambiguity in these 
decompositions arises from abelian summands.) 

Theorem 6.5 (S4). Suppose that T : LP{A4) — > L^lAf) is a surjective isometry, 
1 < p < oo, p ^ 2. Then there are a surjective Jordan *-isomorphism J : A^ — > TV 
and a unitary u E M such that 

(6.4) T{ip^/P)^u{ipoJ-^y/P, VipeMt- 

We have T{^x) — T{^)J{x) (resp. T{^x) — uJ{x)u*T{^)) when is supported on 
a central summand for which J is multiplicative (resp. antimultiplicative) . 

Proposition 6.6. Let X ~ RP{A4)q be an LP Ai —M bimodule with q =4 eii- Then 
the inclusion 

n : J\f ^ qMq 

is surjective. 

Proof. If necessary, implement an isomorphism so that q < en. The hypotheses 
mean that we have bimodules 

(6.5) M-LP{M)q-qMq, 

q'Moo{U)q' -q'CP{M)-M, 
where q' G V{Moo{N)) and the bimodules are isometrically isomorphic as Banach 
spaces. By Lemma l6. II we have inclusions consistent with the module actions: 

(6.6) M C q'M^{N)q', N C qMq. 

So via its left action, the projection g G A4 is identified with a projection q" G 
q' Mao{Af)q' ■ If we implement L{q) ^ L{q"), we get subbimodules 

(6.7) qMq - LP{qMq) - qMq, 

q"MUM)q" - q"CP{M) - M. 

Again the modules themselves are isometrically isomorphic, and we still have the 
same inclusion M C qMq from the right actions. 
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Our next step will be to show that ~ eii, so that q"CP{J\f) may be replaced 
with LP{J\f) in (|6.7|l . By implementing projections from the common center of A4 
and AA, we may consider separately the cases where Af is finite or properly infinite. 
If J\f is properly infinite, then the given center-preserving inclusions J\f ^ qA4q > 
q" Moo{M)q" imply that q" is properly infinite, and so q" ~ ef(. 

If A/" is finite, first we argue that qAAq must be finite. For otherwise LP{qA4q) 
contains an isometric copy of the Schatten class Sp{— LP{B{Sj),tr)), and so we 
have that embeds isometrically in q"CP{N'), where TV is finite. Letting r be a 
faithful normal trace on J\f, we show that this is impossible. Indeed, if p > 2, it 
is easily seen that CP{Af) is a subspace of the intersection X = LP{Moo{Af),T (g) 
tr) n L'^{Moo{Af),T ® tr). According to [72], X embeds into LP{M) for some finite 
A4. This yields an embedding of into LP{A4), which is absurd in view of the 
result of Sukochev |Sul Theorem 3.1]. For 1 < p < 2, we replace X by the sum 
LP(Moo(7V),j7^®tr) + L2(Moo(A/'),r®tr). Again hy ^ X embeds into LP{M) for 
some finite Ai and thus an embedding of in CP{Af) provides an embedding of 
SP into LP{A4). In this case, we may refer to the main result of |HR,S| for the fact 
that this is impossible. So qAdq is finite with faithful normal trace t', and we may 
apply Theorem It). 41 to the isometry 

T : LP{qMq,T') - q"CP{JV) ^ {Moo{M),t ® ir). 

With T — wBJ{-), the conditions of the theorem imply that q" ~ Si{w) ^ Sr{w) — 
Cyy, as desired. 

This means that we may replace the bottom line of H6.7|l by A/" — U'{Af) — M. 
We still have n : J\f ^ qMq, and we set S : LP{M) — > L'''{qMq) to be the isometric 
isomorphism of Banach spaces. Applying Theorem 16. 51 to S we find the underlying 
pair u G qA4q, J : TV — > qA4q; let z, be central projections oi M which divide J 
into multiplicative and antimultiplicative parts. The intertwining relation between 
S and TT gives 

(6.8) u{if> o J-i)i/P7r(a;) = S[ip^^P)T:{x) = S^ip^'^x) 

= u{if o J-^f/PJ{xz) + uJ{xz^){<p o ,r^f/P, if> G AC", a; £ A/". 

We observe that J and tt both identify the centers, so we may multiply on the left 
by 7r(z^)w* to get 

o J-^fl-P-K{xz^) = J{xz^){if> o J-i)i/p, ^ g AC, x e A/". 

Then Rij^^xz^y) — L{J{xz-^)) is central for any x, so that Afz-^ is abelian, and 
in fact J is multiplicative. Now (|6.8(l shows that tt = J. Since we know that J is 
surjective, this finishes the proof. 

□ 

Return now to the general situation of an Jv[-J\f bimodule X ~ RP{AA)q ~ 
q'CP{N), and identify the centers of M and N. Use the comparability theorem 
to find the largest central projections z, z' satisfying zq ^ zef^, z'q' =^ z'e^i- With 
z" = z\l z'. Proposition 16.61 tells us that z" M. and [z" are commutants on 
z"X. On every central summand of the complement, both p and q are strictly larger 
than eyl and ef(, respectively. It follows that z"^ AA and z"^M are finite; we will 
show that in fact they are abelian. 
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Proposition 6.7. Let A4 and M be finite algebras, and assume that M has no 
abelian central summand. If q G 'P(Afoo(A^)) and q' G V{Moo{.Af)) are projections 
such that qz ^ s.^z and q' z' ^ e^^' for all central projections z G Mao{M), 
z' G Moo{N), then there is no M - N bimodule X ~ RP{M)q ~ q'C^iM). 

Proof. Seeking a contradiction, let X be such a bimodule. Choose finite traces 
'TMtT'N' Eind consider the elements to be measurable operators. As before, we 
may assume that q > Cyl and q' > e^\- Let T be the isometric isomorphism from 
RP{M)q to q'CP{J\f); the domain naturally contains RPe^ ~ LP{M) to give the 
isometric restriction 

Ti : LP{M,TM)nM3 X ^T{{xO ■■■)) G q'CP{JV) C LP{Moc{^f),T^f (S)tT). 

The vector ^ = (i o ■■■) G RP{M)q has full left support, so by Theorem lO it 
satisfies equation (|6.2(l for no nonzero G X. Since T is an isometric identification, 
the same is true for T(^) G q'CP{N). Now our assumption on the size of q' means 
that T(^) can have full left support on no central summand, so by Theorem 16.21 
again we must have Sr{T{£)) = ej{ = l^f. 

Theorem lfi.4l tells us that Ti{x) = wBJ{x). A priori these operators are affiliated 
with MociM), but the conditions in the theorem imply 

wB - ri(l) G LP (Afoo(A/'))eii J(l) = Sr{w) - s{B) ^ ef(. 

Thus we see that B is affiliated with, and J{M) are elements in, eiiAfoo(A/')eii. 
We naturally identify the latter algebra with TV, so that J is unital. 

Choose y G RP{M){q — en) with se{y) strictly between and 1 on all central 
summands. (Recall that M has no abelian central summands.) So whenever x G 
M, Si{x) _L Si{y), (|n3 gives 

2i\\wBJix)\\P + \\Tiy)\\P)^2i\\i.o-)\\P + \\y\\P) 

= \\{.o-)+y\\P + \\{.o-)-y\\P 

= \\wBJ{x) + T{y)\\P + \\wBJ{x) - T{y)\\P, 

and this implies the right supports of J{x) and T{y) are orthogonal. Write J = 
Ji + J2 for the unique decomposition into multiplicative and antimultiplicative 
*-homomorphisms, with orthogonal ranges in M. So 

sdx) < s,{y)^ ^ Sr{T{y)) ± [s,(Ji(.t)) + Sr{J2{x))] 

^ Sr{T{y)) ± [Jl{Sr{x)) + J2{st{x))]. 

Since Sr{x) can be any projection subequivalent to Si{y)'^ , and J is unital, it follows 
in particular that Sr(T{y)) < J2(l). This inequality passes to the closed linear 
span of all y under discussion, which is RP{A4){q — ef^) by an easy Hahn-Banach 
argument. We obtain 

q'CPiM) ^T{RP{M)q) 

= T{RP{M)e^) + T{RP{M){q - e^)) 

CwBJ{M)+qCP{M)J2{l) 

C se{w)CP{M) + q'CP{N)J2{l). 

Now si{w) is equivalent to ef(, so {q' — se{w)) has full central support. Multiplying 
the containment above by {q' — si{w)) on the left, we get 

(g' - se{w))CP{N-) C {q' - se{w))CP{M)J2{l). 
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This is only possible if J2(l) — lAf, and so J = J2 is antimultiplicative. 

Finally, let v be any partial isometry between orthogonal projections in A4. With 
-K : J\f qMoo{M)q as before, we have 

T{{v*v ■■■)) = wBJ{v*v) = {wBJ{v))J{v*) = T{{vO-){n{J{v*))). 

Since T is one-to-one, ( v'v ■■■ ) = ( u ■■■ )(7r( J(w*))). But look at the left supports 
in A4 of these vectors; the first is v*v and the second is < S£{v) — vv*. This 
contradiction finishes the proof. 

□ 

The only case remaining is an abelian central summand of A4 and TV. Because 
column and row sums of LP(C) = C are identical, we cannot control the sizes of 
the commutants. 

Proposition 6.8. Let A = L°^'{X,iJ,) be an abelian von Neumann algebra. The 
LP A — A bimodules are exactly the p-direct integrals of measurable fields of Hilbert 
spaces over {X, fj,) . 

By a p-direct integral we mean exactly the same construction as a direct integral 
of a measurable field of Hilbert spaces, except that the norm is 

lie(-)ll = (/ IICHIPmH 

Proof. By Proposition 16.31 we may identify the left and right actions of A. (If 
presentations of A are given, this may involve an algebraic isomorphism.) Subject 
to this, we claim that a right L^ ^-module admits a unique structure as an L^ 
A — A bimodule: left action of A given by / • ^ = £.f and left inner product by 

<^,V >L = < V,^>R ■ 

For suppose we are given an L^ A — A bimodule. That / • f = ■f/ is automatic 
from the assumption; we further have, for any measurable set E <Z X, 

(6.9) WxE < >L II - II < XeC,Xe^ >l II - llx^ef 

UXsf = II < ^XE,^XE >R II II < >R XeW- 

Both <£,,£, >L and <£,,£, >r are positive functions in Lp/^{X, p). Taking E in 
(|6.9() to be the set where one dominates the other, we deduce that < >l = 
>B. /i-a.e.. By polarization, 

4 4 

k=l k=l 

So it is the same problem to describe the right L^ ^-modules. Any random 
projection g : X — > V{B{Sj)) gives a bimodule of the form qC^, and since the 
isomorphism class of qC depends only on the Murray-von Neumann equivalence 
class of 9, we may assume that 

/ 

q = YPn(^XX„ ^ MaoiA), Pn = Ekk 

\ k=l 

where X„ is {w | Tr((7(w)) = n}. 

By direct calculation, we see that Cp{A) is the Bochner space L^ {£'^ , X , fi) , and 

(Pn^XxJCf ~LP(£2,X„,/.), 
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where we still use fj. to denote the restricted measure on Xn- This last is a constant 
measurable field of Hilbert spaces with norm 

The full module qC^ is a central/ P sum of these, 

which is exactly a p-direct integral of the measurable field of Hilbert spaces which 
has dimension n over Xn ■ It is clear that any such p-direct integral can be obtained 
in this way, so we are done. □ 

We summarize the results in 

Theorem 6.9. Let Ai and Af be a-finite algebras, let 1 < p < oo, p ^ 2, and 
let X be an M — M -bimodule which is countably generated and faithful for each 
action. 

The centers of Ai and J\f are isomorphic and act identically on X. Let z be the 
largest central projection which is abelian for both M. and Af. Then the left action 
of z^AA. and the right action of z^M are commutants on z^X. On the other hand, 
zX is isomorphic to a p-direct integral of a measurable field of Hilbert spaces over 
(X,n), where zAd ^ zAf ~ L°° (X, y). 

This has an appealing consequence. 

Theorem 6.10. Under the same assumptions as above, there exists an A4 — Af 
L^-bimodule if and only if Ai and Af are Morita equivalent. 

Proof. Ai and TV are Morita equivalent exactly when N ~ qMQQ{Ai)q for some 
projection q with central support one. (This fact, and many other fundamental 
ideas, may be found in Rieffel's discussions of Morita equivalence [Ril], [Ri2].) 
When this happens, one may take X ~ RP{A4)q and notice M {Ai')°^. 

If there is an X - TV iP-bimodule X, then X ~ RP{M)q and TV ~ 7r(TV) C 
qAIao{M)q. Let z be as in Theorem 1^ We have that 7r(z^TV) = z^qMao{AA.)q, 
but 

7r(2;TV) = zAi = zeiiMoo(TW)eii C zqAIoo{M)q. 

Then 

TV ~ {z-^q + zeii)Moo{A4)iz^q + zen), 
so Ai and TV are Morita equivalent. □ 

In fact, an TM — TV L^'-bimodule X which does not degenerate on its abelian 
component (so zq is abelian, and L{Ai) and R{Af) are commutants) implements 
an equivalence of representation categories just as in the Hilbert C*-module case. 
Here the densities are nonzero, and one makes use of the generalized relative tensor 
product, with functorial equivalence given by 

Left LUIod{N') LeftL''Mod{M) : a^2) i — > (aiXat) (8>Ar,p,q,r UV) ■ 

To see that this is an isomorphism, we let j\fXM be the contragredient and note 
that ^%j\fXM)'S^M,p,r,q^^ is the inverse map. By associativity of the relative tensor 
product, it suffices to show that 

X(g)M,p,q,rX^ LP{A4); X X ^ LP{N). 
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We verify the first, using Proposition 15. 61 

^®U,P,q,r X ^ qCP{M) ®A^,p,g,. m'{M)q ~ qLP{M^{N))q ~LP{M). 
The second follows by symmetry. 
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